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Abstrat
If M is a ompat or onvex-oompat negatively urved manifold, we
assoiate to any Gibbs measure on T
1
M a quasi-invariant transverse
measure for the horospherial foliation, and prove that this measure is
uniquely determined by its Radon-Nikodym oyle. (This extends the
Bowen-Marus unique ergodiity result for this foliation.) We shall also
prove equidistribution properties for the leaves of the foliation w.r.t. these
Gibbs measures. We use these results in the study of invaiant meausres
for horospherial foliations on regular overs of M .
Primary AMS lassiation: 37D40, 37C85, 37A20, 22F05
Seondary AMS lassiation: 37D35, 32Q05, 58Hxx,
Keywords: horospherial foliation, quasi-invariant measures, unique ergodi-
ity, Gibbs measures.
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1 Introdution and statement of results
LetM = Γ\M˜ be a omplete riemannian manifold with pinhed negative urva-
ture, with universal over M˜ and fundamental group Γ. Then the unit tangent
bundle T 1M˜ of M˜ arries the horospherial foliation W˜su, whose leaves are
the unit vetors normal to horospheres and pointing outward. Passing to the
quotient leads to a foliation Wsu of T 1M whih is the strong unstable foliation
of the geodesi ow of M . In this paper, we shall onstrut quasi-invariant
measures for this foliation, and study their ergodi properties.
Reall that for a ompat manifold M , it was proved by Bowen and Marus
that the foliation Wsu is uniquely ergodi: there exists, up to a multipliative
onstant, a unique transverse measure for the foliation whih is invariant under
holonomy. Their proof used symboli dynamis and showed that the transverse
measure is indued by the Bowen-Margulis measure m0 of T 1M , whih is also
the measure of maximal entropy of the geodesi ow [7℄.
In the last deade, it was realized that the measurem0 ould be onstruted in a
more geometrial way using the Patterson measure on the boundary at innity
of M˜ [18℄ [17℄. This onstrution allows to go beyond ompat manifolds, and,
for instane, Roblin was able to give a purely geometrial proof of the unique
ergodiity of Wsu for a onvex-oompat manifold, under the assumption that
the geodesi ow is topologially mixing [26℄.
In a similar way, one an assoiate to a Hölder funtion f : T 1M → R a measure
mf on T 1M , whih is the equilibrium state of f when M is ompat or onvex-
oompat, the Bowen-Margulis measure m0 orresponding to f ≡ 0 see e.g.
[16℄[22℄[9℄. We shall rst see that this measure mf indues a quasi-invariant
transverse measure for the foliation Wsu. We use here the denition of a quasi-
invariant measure of a foliation as introdued by Connes in [8℄ in relation with
the theory of C∗-algebras assoiated to a foliation. First, we reall that a oyle
for a foliation is a map ρ dened on the set of pairs of points in the same leaf
suh that ρ(u, v) + ρ(v, w) = ρ(u,w), and that a transverse measure µ = {µT}
assoiates to any tranversal T to the foliation a Borel measure µT supported on
T . Then µ is said to be quasi-invariant if there exists a oyle ρ suh that for
eah holonomy map ζ between two transversals T and T ′, ζ∗µT is absolutely
ontinuous with respet to µ′T with Radon-Nikodym derivative given by
dζ∗µT
dµT ′
(ζx) = exp(ρ(x, ζx)).
Note that if µ′ = {µ′T } is equivalent to {µT} (i.e. there exists a Borel map
ψ : T 1M → R suh that, for all transversal T , dµT (v) = expψ(v) dµ′T (v)), then
the Radon-Nikodym oyle ρ′ of µ′ is ohomologous to ρ (there exists a Borel
map R : T 1M → R, suh that ρ(v, w) = ρ′(v, w) +R(v)−R(w)).
Let us all two Hölder funtions f and f ′ equivalent if there exists a Hölder
map φ : T 1M → R, dierentiable in the diretion of the geodesi ow, and a
onstant c suh that f = f ′ + c + X.φ, with X : TM → TTM the geodesi
spray.
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Our starting point is the following Proposition: it provides a large family of
oyles whih are Radon-Nikodym oyles of quasi-invariant measures.
Proposition 1 To eah Hölder map f : T 1M → R is assoiated an expliit
Hölder oyle ρf for the foliation Wsu, and a transverse measure µf = {µfT },
whih is quasi-invariant with oyle ρf . Moreover, the ohomology lass of ρf
and the equivalene lass of µf depend only the equivalene lass of [f ].
For f ≡ 0, the oyle ρ0 is trivial, and one reovers a transverse invariant
measure µ0. For ompat or onvex-oompat manifolds, one knows that this
measure is the unique invariant mesure of the foliation, and thus we are led to
the following question: is the transverse measure µf the unique quasi-invariant
measure with the given oyle ρf?
In the sequel of this work, we will always make the following assumptions:
Assumptions: The fundamental group Γ = π1(M) is oompat or onvex-
oompat, and in the seond ase, the geodesi ow is topologially mixing on
its nonwandering set.
Under these assumptions, our main result is:
Theorem 2 Let [ρf ] be a ohomology lass of oyles assoiated to a lass
[f ] of Hölder maps. Then for all ρ ∈ [ρf ], there exists, up to a multipliative
onstant, a unique transverse measure µ quasi-invariant with Radon-Nikodym
oyle ρ, and it is equivalent to µf .
When f ≡ 0 we reover the unique ergodiity of the foliation. Theorem 2 was
already proved by Babillot-Ledrappier [4℄ for a ompat manifold using sym-
boli dynamis, but we give here a geometrial proof, whih allows to prove
further results as the equidistribution property of leaves of the foliation (see
below Theorem 3).
Theorem 2 an be reinterpreted in terms of the ation of the fundamental group
Γ of M on the boundary at innity ∂M˜ of M˜ . Indeed the lifted foliation W˜su
of T 1M˜ admits a nie set of leaves: the spae H of horospheres, whih an be
parametrized as ∂M˜ ×R. An invariant transverse measure for Wsu lifts to an
invariant transverse measure for W˜su whih is Γ-invariant, and thus indues
in a anonial way a Γ-invariant measure on H. In the ase of quasi-invariant
measures, suh a orrespondane an be made by hosing a global tranversal of
W˜su, and thus depends on this hoie. Our onstrution is slightly dierent :
we assoiate to eah quasi-invariant transverse measure {µfT } a quasi-invariant
measure on H with the additional property that its Radon-Nikodym oyle
cf : Γ×H 7→ R
is in fat a oyle for the ation of Γ on ∂M˜ : for all (ξ, s) ∈ ∂M˜ ×R ≃ H, and
γ ∈ Γ,
cf (γ, (ξ, s)) = cf (γ, ξ).
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To avoid onfusions, we will denote by [cf ]H and [c
f ]
∂M˜
the respetive oho-
mology lasses of cf as a oyle for the ation of Γ on H and on ∂M˜ .
A result of Ledrappier, [22℄, shows that any Hölder oyle c on ∂M˜ an be
written as c = cf , for a onvenient Hölder map f : T 1M → R. Thus we an
reformulate Theorem 2 in the following way:
Theorem 2 bis Let [c]H be the ohomology lass on H of a Hölder oyle
c on ∂M˜ . There exists, up to a multipliative onstant, a unique lass [µ̂] of
Γ-quasi-invariant measures on H with respet to this lass [c]H, and they are
ergodi.
This result leads to the question whether there exist ohomology lasses of o-
yles on H whih do not ontain oyles arising from oyles on ∂M˜ , and
if the Γ-quasi-invariant measures on H with suh a oyle an be haraterized.
In the ase of a ow, the property of unique ergodiity implies (and is even
equivalent to) the equidistribution of all orbits to the unique invariant measure.
In our set-up, we have no ow, so we have to onsider more general means on
leaves of the foliation. Then we shall see that the above impliation is still true.
Theorem 3 Let f : T 1M → R be a Hölder map. There exists on eah strong
unstable horosphere H+ a measure µfH+ , and a distane dH+ , suh that for all
non wandering vetor u ∈ T 1M , the mean Mr,u on the ball B
+(u, r) w.r.t. the
measure µfH+ onverges weakly to the equilibrium state m
f
assoiated to f when
r →∞.
We will also see that the equilibrium statemf is loally equivalent to the produt
µ̂f × µfH+ .
In fat, we shall dedue this Theorem as a orollary of the more general Theo-
rem 8 of equidistribution of sequenes of sets (En)n∈N on leaves whih satisfy
a ertain growth property.
As another appliation of the preeding results, we shall address the problem
of determining the Γ¯-invariant measures on H, with Γ¯ ⊳Γ a normal subgroup of
Γ. Babillot and Ledrappier proved in [4℄ that when Γ is oompat, and Γ/Γ¯ is
isomorphi to Z
d
, eah ohomology lass [α] of 1-forms onM , whih vanishes on
loops of Γ¯, indues a Γ¯-invariant measure on H, and that these measures are Γ¯-
onservative and ergodi. However, it is still an open question to see whether the
measures they onstruted are the only Γ¯-invariant and ergodi measures on H.
Here is a partial answer under an additional assumption: for a general normal
subgroup Γ¯ of a oompat or onvex-oompat group Γ, these measures are
the only possible Γ-quasi-invariant, Γ¯-invariant, and Γ¯-ergodi measures on H.
Theorem 4 Let Γ⊳Γ be a normal subgroup. If α : TM → R is a losed 1-form
vanishing on the image of Γ¯ in H1(M,R), then the measure µ̂
α
assoiated to the
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Hölder map α|T 1M is Γ¯-invariant. Conversely, any Γ-invariant and Γ-ergodi
measure ν̂ on H, whih is quasi-invariant by Γ, is neessarily a measure of the
form ν̂ = µ̂α, with α a losed 1-form (vanishing on Γ).
Note that in the general ase Γ ⊳ Γ, it is not lear whether the measures µ̂α are
Γ-ergodi; see [19℄, [20℄ for ases where it is known and other referenes.
The organization of the text is the following: in a rst part, we introdue some
notations and all the measures that we will study. In part 3, we prove the uniity
results (Theorems 2 and 2 bis). We dedue then of these results an equidistri-
bution result for balls and for more general sets on horospheres (Theorem 8 and
Theorem 3). Finally, we prove Theorem 4 in part 5.
It is a pleasure to thank Vadim Kaimanovih for his very areful reading, and
many useful suggestions on a preliminary version of this work. Also, I would
like to thank my supervisor Martine Babillot for her ontinuous and valuable
guidane during the elaboration of this artile, and Jean-Pierre Otal for several
disussions.
2 Notations, preliminaries
2.1 Geometry
Let M = Γ\M˜ be a omplete riemannian manifold with pinhed negative se-
tional urvature, M˜ its universal over, and Γ its fundamental group. Then M˜
an be ompatied into M = M˜ ∪ ∂M˜ , where ∂M˜ is the boundary at innity
of M˜ , i.e the set of equivalene lasses of geodesi rays whih stay at bounded
distane one another. The group Γ ats on M˜ by isometries, and on ∂M˜ by
homeomorphisms. The limit set Λ of Γ is the set of aumulation points of Γ
in ∂M˜ : Λ = Γx\Γx, for any x ∈ M˜ . We denote by T 1M (resp. T 1M˜) the unit
tangent bundle of M (resp. M˜), and by π : T 1M →M (resp. T 1M˜ → M˜) the
anonial projetion. We will use the distane d on M (and M˜) indued by the
riemannian struture.
The geodesi ow Φ = (Φt)t∈R (resp. Φ˜) assoiates to a pair (t, v) ∈ R× T 1M
(resp. R×T 1M˜) the tangent vetor Φtv = c˙v(t) at time t to the unique geodesi
cv of M suh that c˙v(0) = v.
By a theorem of Eberlein [11℄, the nonwandering set Ω ⊂ T 1M of the geodesi
ow Φ is the set of vetors v suh that any lift v˜ to T 1M˜ has both endpoints
cv(±∞) in the limit set Λ.
The group Γ is oompat if M = Γ\M˜ is ompat, and then Λ = ∂M˜ , and
Ω = T 1M . It is onvex-oompat when Ω is ompat. In this work, we assume
that Γ is oompat or onvex-oompat, so Ω will always be a ompat set. We
assume also that the geodesi ow is topologially mixing on its non-wandering
set Ω, whih is equivalent to the nonarithmetiity of the length spetrum of M .
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It is known to be true in the ase of a surfae, in the onstant urvature ase,
and in some other ases (see Dal'bo, [10℄).
A Hölder oyle on ∂M˜ × M˜ × M˜ is a Hölder map c : ∂M˜ × M˜ × M˜ → R suh
that for all ξ ∈ ∂M˜ , and x, y, z in M˜ , cξ(x, y) + cξ(y, z) = cξ(x, z). It is said to
be Γ-invariant if it is invariant under the diagonal ation of Γ on ∂M˜ × M˜ × M˜ .
The Busemann oyle is dened on ∂M˜ × M˜ × M˜ by:
βξ(x, y) = lim
z→ξ
d(x, z)− d(y, z) = ”d(x, ξ)− d(y, ξ)”.
It is a ontinuous and Γ-invariant oyle on ∂M˜×M˜×M˜ . By abuse of notation,
if v, w are vetors on T 1M˜ with base points x and y on M˜ , we will often note
βξ(v, w) in plae of βξ(x, y).
The spae of oriented geodesis an be identied to the double boundary, i.e. the
set of pairs of distint points (η1, η2) ∈ ∂2M˜ := ∂M˜×∂M˜\{(ξ, ξ), ξ ∈ ∂M˜}. The
Busemann oyle allows to give oordinates on T 1M˜ in terms of this double
boundary. More preisely, if a point o ∈ M˜ is xed, the map dened by:
v ∈ T 1M˜ → (v−, v+, βv−(v, o)) ∈ ∂
2M˜ ×R
is an homeomorphism.
o
v− v v+
|βv−(v, o)|
∂M˜
Figure 1: Coordinates on T 1M˜
On ∂2M˜ × R, the ations of the geodesi ow and the group Γ ommute and
an be written in the following way: for any γ ∈ Γ,
γ(v−, v+, s) = (γv−, γv+, s+βv−(o, γ
−1o)) and Φ˜t(v−, v+, s) = (v−, v+, s+t).
Thus, the unit tangent bundle T 1M identies to the quotient Γ\(∂2M˜ × R),
and the non-wandering set Ω to Γ\(Λ2 ×R).
A horosphere H ⊂ M˜ entered at ξ is a level set of a funtion x → βξ(x, y).
These horospheres lift to T 1M˜ : if u ∈ T 1M˜ , andH is the horosphere entered at
u− and ontaining the base point π(u) ∈ M˜ of u, the strong unstable horosphere
of u, denoted by H+(u) is the set of vetors v ∈ T 1M˜ suh that v− = u− and
π(v) ∈ H . It is also the set of vetors of T 1M˜ with base points in H , orthogonal
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u− u+
H+(u)
H−(u)
u
Figure 2: Horospheres
to H and pointing outwards. Similarly, we denote by H−(u) the strong stable
horosphere of u. We denote by H the spae of horospheres.
The homeomorphism T 1M˜ ≃ ∂2M˜ ×R allows to identify a horosphere H+(u)
with {u−}× ∂M˜\{u−}×{s(u)}, and the spae H of horospheres with ∂M˜ ×R.
The group Γ ats onH by γ(ξ, s) = (γξ, s+βξ(o, γ
−1o). Besides, the horospheres
H+(u) are exatly the strong unstable manifolds of the geodesi ow Φ˜:
H+(u) = W˜ su(u) := {w ∈ T 1M˜, lim
t→−∞
D(Φ˜tu, Φ˜tw) = 0}.
Here, D is the distane on T 1M˜ indued by the Sasaki metri on TM˜ . Similarly,
the strong stable horospheres H−(u) equal the strong stable manifolds W˜ ss(u).
These strong unstable horospheres form a foliation W˜su of T 1M˜ , alled the horo-
spherial foliation, or strong unstable foliation. A natural family of transversals
to W˜su is the family of weak stable manifolds:
W˜ s(v) = {w ∈ T 1M, ∃C = Cw > 0, ∀t ≥ 0, D(Φ
tv,Φtw) ≤ C}.
Viewed on ∂2M˜ ×R, a transversal W˜ s(v) equals ∂M˜\{v+}× {v+}×R. Reall
that, given two (small) transversals T , T ′ to the foliation inluded in the same
hart of the foliation, a holonomy map is a homeomorphism from an open subset
of T to T ′, whih preserves the leaves of the foliation. Note that there are natural
(global) holonomy maps between two suh transversals, given by:
W˜ s(v)
ζ
−→ W˜ s(w)
u = (u−, v+, s(u)) 7→ ζ(u) = (u−, w+, s(u)).
The foliation W˜su indues on the quotient M˜/Γ the foliationWsu whose leaves
are the strong unstable manifoldsW su for Φ. For the latter foliation, the holon-
omy maps are not dened globally.
Finally, let us introdue useful families of distanes. First, the family (dx)x∈M˜
of Gromov distanes on the boundary is dened by:
∀(ξ, η) ∈ ∂2M˜, dx(ξ, η) = exp
(
−
1
2
βξ(x, y)−
1
2
βη(x, y)
)
,
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with y any point on the geodesi (ξ, η). (Rigorously, they are known to be true
distanes if the urvature ofM is less than or equal to −1 [5℄; otherwise, one has
to take onvenient powers of the above quantities to obtain distanes.) Using
these distanes, Hamenstädt [15℄ dened on eah horosphereH+ a distane dH+
by the formula:
∀(u, v) ∈ (H+)2, dH+(u, v) = exp
(
1
2
βu+(x, u) +
1
2
βv+(x, v)
)
dx(u
+, v+) ,
where x ∈ M˜ is any point (one easily heks that the above formula does not
depend on x). Remark that these distanes an also be dened on the strong
stable horospheres H−(v). The following piture shows what they represent
geometrially: if u, v ∈ H+, dH+(u, v) = exp(±d(au, av)/2) where au and av
are the respetive intersetion points of H−(u) and H−(v) with the geodesi
(u+, v+) (the sign depends on the order of au and av on (u
+, v+)).
u
−
v
+
u
+
u
v
au
av
dH+(u, v) = exp(−d(au, av))
au
av
u
−
v
+
u
+
u
v
dH+(u, v) = exp(d(au, av))
Figure 3: Horospherial distane
Two important properties of this family are that they are invariant by isometries:
∀γ ∈ Γ, dγH+(γu, γv) = dH+(u, v),
and that they explode when pushed by the ow:
ΦtB+(u, r) = B+(Φtu, ret)
2.2 Coyles and measures assoiated to a Hölder map
A Hölder potential is a map f : T 1M → R whih is Hölder w.r.t. the Sasaki
metri D on T 1M . For simpliity, we shall onsider for the moment only sym-
metri potentials: f(v) = f(−v) (see setion 5.1 for the general ase), and we
denote also by f its Γ-invariant lift on T 1M˜ . If x and y are points in M˜ , we
denote by
∫ y
x f the integral of f on the unique (oriented) geodesi from x to y,
viewed on T 1M˜ . If x, y ∈ M˜ and ξ ∈ ∂M˜ , we dene the following oyle:
ρfξ (x, y) = limt→+∞
∫ c(t)
x
f −
∫ c(t)
y
f = ”
∫ ξ
x
f −
∫ ξ
y
f”,
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where (c(t))t≥0 is the geodesi ray [x, ξ). This funtion is well-dened, sine
when f is Hölder, the dierene between the two integrals onverges. Moreover,
it is Γ-invariant. It is a generalisation of the Busemann oyle, sine when
f ≡ 1, ρ1ξ(x, y) = βξ(x, y). Moreover, it indues a oyle on the strong unstable
foliation W˜su: if v and w are two vetors on the same strong unstable horosphere
H+(v), this oyle is dened by: ρf (v, w) = ρfv−(v, w).
Note that when f ≡ 1, ρf ≡ 0. By Γ-invariane, one may also dene this oyle
for the strong unstable foliation Wsu on T 1M ; indeed, if v and w are on the
same leaf of T 1M , the quantity ρf (v˜, w˜) is Γ-invariant, so it does not depend
on the lifts v˜, w˜ hosen on the same leaf of W˜su. We an also dene it diretly
on T 1M by
ρf (v, w) = lim
t→−∞
∫ Φtv
v
f −
∫ Φtw
w
f.
Finally, if we hoose an origin o ∈ M˜ , we an assoiate to f the following Hölder
oyle on ∂M˜ :
cfo (γ, ξ) = −ρ
f
ξ (o, γ
−1o).
Lemma 2.1 The ohomology lass [cfo ]∂M˜ depends on f ∈ [f ], but on H, the
lass [cfo ]H depends only on [f ], and neither on o, nor on f ∈ [f ].
The proof is an easy omputation. We will see after the following proposition
that there is another interesting oyle on ∂M˜ assoiated to f .
To eah Hölder potential f on T 1M is assoiated a unique equilibrium state mf ,
that is a probability measure on Ω ⊂ T 1M satisfying the variational priniple
(see [22℄, [9℄ for the onstrution, and [18℄, [16℄ to see that it is an equilibrium
state). This measure is indued on the quotient T 1M = Γ \ T 1M˜ by a measure
m˜f on T 1M˜ . We will reall the two main steps of its onstrution.
Proposition 5 (Ledrappier, [22℄) There exists a (unique) probability mea-
sure νfo on Λ ⊂ ∂M˜ , whih has no atoms, and is ergodi and Γ-quasi-invariant
with respet to the following oyle:
(γ, ξ)→ δfβξ(o, γ
−1o)− ρfξ (o, γ
−1o).
The onstant δf is the topologial pressure of f . Moreover the equivalene
lass [νfo ] of ν
f
o and the ohomology lass on ∂M˜ of its Radon-Nikodym o-
yle δfβξ(o, γ
−1o) − ρfξ (o, γ
−1o) depend only on the equivalene lass [f ], but
neither on o nor on f . More preisely, if o′ is another point, we have:
∀ξ ∈ Λ,
dνfo
dνfo′
(ξ) = exp(δfβξ(o
′, o)− ρfξ (o
′, o)) .
And if f = f ′ + c+X.φ, up to a multipliative onstant, we have:
∀ξ ∈ Λ,
dνfo
dνf
′
o
(ξ) = exp(φ(vo,ξ)) ,
with vo,ξ the vetor based at o pointing to ξ.
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For simpliity, we will write βfξ (o, γ
−1o) = δfβξ(o, γ
−1o) − ρfξ (o, γ
−1o). It is
another oyle on Γ× ∂M˜ assoiated to f , the Radon-Nikodym oyle of νfo .
Notie also that βf = ρδ
f−f
, so that [βf ]H = [c
f
o ]H.
Conversely, Ledrappier haraterized the Hölder oyles whih are the Radon
Nikodym oyles assoiated to a quasi-invariant measure: more preisely, he
onstruted a bijetion between the equivalene lasses of Hölder potentials on
T 1M , the equivalene lasses of quasi-invariant measures on Λ ⊂ ∂M˜ with a
Hölder oyle, and the ohomology lasses on ∂M˜ of normalized Hölder oy-
les.
Reall that we assume for the moment that f is symmetri. The seond step is:
Proposition 6 The Radon measure m˜f on Λ2 ×R dened below is invariant
by Γ and by the geodesi ow:
dm˜f (v) = exp
(
βfv+(o, v) + β
f
v−(o, v)
)
dνfo (v
−) dνfo (v
+) ds.
So it indues on the quotient a nite measure on T 1M (normalized to be a
probability) with support in the non-wandering set Ω: the equilibrium state mf
assoiated to f (see [18℄, [16℄). Moreover, this measure is mixing w.r.t the
geodesi ow Φ, [2℄. Finally, it depends only on the equivalene lass [f ] of f .
The quasi-produt struture of m˜f suggests to deompose it into two families
of measures. First, the family (µfH+)H+∈H dened by:
dµfH+(u)(v) = exp(β
f
v+(o, v)) dν
f
o (v
+) ,
is a Γ-invariant family of measures on the leaves of the foliation, in the sense
that γ∗µ
f
H+ = µ
f
γH+ .
Reall that a quasi-invariant transverse measure for a foliation is ompletely
determined by its restrition to a family of transversals passing at all points.
Then, we have:
Proposition 1' The transverse measure to the foliation W˜su dened on eah
transversal T = W˜ s(w) by:
∀v ∈ T, dµfT (v) = exp(β
f
v−(o, v)) dν
f
o (v
−) ds
is invariant by Γ in the sense that γ∗µ
f
T = µ
f
γT . So it indues on T
1M a
transverse measure to Wsu (still denoted by {µfT }), whih is quasi-invariant by
holonomy, with respet to the oyle ρf .
The proof of Proposition 1' is straightforward.
Remark: The above transverse measure {µfT } is onstruted using the equilib-
rium state mf of f . Thus we an make the analogy between our geometri situ-
ation and the symboli one. In the ase of the full shift Σ = {1, ..., k}Z endowed
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with the shift σ, the unique equilibrium statemf oinides with the uniqueGibbs
measure assoiated to f , that is the measure satisfying ζ∗m
f = exp(ρf )mf (see
[6℄, [21℄), with ζ a map from a ylinder to another. Sine a ylinder an be
onsidered as a transversal to the strong stable manifolds of σ, the map ζ an
be viewed as a holonomy map. Thus Theorem 2 gives a similar result in the
ase of a manifold: the unique quasi-invariant transverse measure with respet
to ρf is "indued" by the unique equilibrium state mf , whih an therefore be
alled a Gibbs measure.
In our geometrial frame, reall that there exists a nie set of leaves of the
foliation: the set H ≃ ∂M˜ × R of horospheres. Better than working with
the family of measures {µT } dened above, we would like to obtain a unique
measure on H. To do this, we need a holonomy invariant family of measures,
or equivalently measures µT on transversals T = W˜
s(w) whih do not depend
on T , i.e. on v+. The only term in the expression of µT whih is not invariant
by holonomy is exp(−ρfv−(o, v)) (when f is not a onstant). So we divide the
measures µT by the density exp(−ρ
f
v−(o, v)), and we multiply the measures
µfH+u by the same density. Then we obtain new families of measures:
dµfT (v) = ds dν
f
o (v
−) exp
(
δfβv−(o, v)
)
and
dµfH+u(v) = dν
f
o (v
+) exp
(
βfv+(o, v)− ρ
f
v−(o, v)
)
.
These families are now quasi-invariant by Γ. More preisely, the measures on
leaves satisfy:
∀v ∈ Λ2 ×R, ∀γ ∈ Γ,
dγ−1∗ µ
f
H+(γv)
dµfH+v
(v) = exp(−cfo (γ, v
−)), (1)
Pushing by the ow leads to the property:
∀v ∈ Λ2 ×R, ∀t ∈ R,
dΦ−t∗ µ¯
f
H+(Φtv)
dµ¯fH+v
(v) = exp(tδf ). (2)
The family µfT is also quasi-invariant by Γ, with the opposite oyle: c
f
o (γ, v
−) =
ρfv−(γ
−1o, o). But it is now invariant by holonomy, so it indues a measure µ̂fo
on the quotient on the spae H of leaves. More preisely, we have:
Lemma 2.2 The measure dµ̂fo (ξ, s) = exp(−δ
fs) ds dνfo (ξ) on H is supported
on Λ×R, and Γ-quasi-invariant with respet to the oyle cfo .
Remark that in the ase of a onstant potential, we did not hange anything,
these two families of measures are the same as in the beginning, and in parti-
ular, the family (µfT ) is at the same time Γ-invariant and invariant under the
holonomy pseudogroup.
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As the topologial pressure satises δf+c = δf + c, we an assume that δf > 0.
It is simply a normalisation onvention whih allows us to assume that, when
pushed by the ow Φt, with t > 0, the family of measures µ¯fH+ is expanded by
a fator exp(tδf ).
Let us now summarize the main properties of the above measures in a table.
Measures and their support Γ-Quasi-Invariane Q-I by holonomy
νfo on Λ ⊂ ∂M˜ exp(β
f ) 
µfH+ on leaves H
+
of Wsu Invariant 
µ¯fH+ on leaves H
+
of W˜su exp(−cfo ) 
µfT on transversals to W
su
Invariant exp(ρf )
µ¯fT on transversals to W˜
su exp(cfo ) Invariant
µ̂fo on Λ×R ⊂ H exp(c
f
o ) 
3 Horospherial means, Proofs of Theorems 2 and
2 bis
The aim of this setion is the proof of the uniity results of a quasi-invariant
measure (Theorems 2 and 2 bis). We use an intermediate result of equidistri-
bution of horospherial means pushed by the ow Φt when t → ∞ [4, thm 4℄,
that we reall below, and some properties of ontinuity of the measure of balls,
proved in setion 3.1. A formula (setion 3.2) allows in setion 3.3 to prove
theorem 2 bis. Theorem 2 is obtained as a orollary of the preeding.
Finally, we give in setion 3.4 an alternative method to prove Theorems 2 bis
and 3 in a partiular ase. In fat, under the aditional assumption that the
boundary of all horospherial balls has measure zero, we are able to prove di-
retly a uniform equidistribution property (Theorem 3 bis), and to dedue easily
Theorem 2 bis. (In the general ase, reall that we will dedue in setion 4 The-
orem 3 from Theorem 2 bis.)
Given a potential f , the mean Mr,u(ψ) of a map ψ : T
1M → R on B+(u, r) is
dened by:
Mr,u(ψ) =
1
µ¯fH+u(B
+(u, r))
∫
B+(u,r)
ψ˜ dµ¯fH+u ,
with ψ˜ the Γ-invariant lift of ψ on T 1M˜ . Notie that these means annot be
dened diretly on T 1M , sine the measure µ¯fH+u is not Γ-invariant. However,
they are Γ-invariant, so we shall onsider them as probability measures on T 1M .
For simpliity, we denote by M tr,u(ψ) := Φ
t
∗Mr,u(ψ) the mean pushed by the
ow. The geometrial property of the horospherial distanes then implies the
simple, but fundamental property that the mean of ψ ◦ Φt on a ball B+(u, r)
equals the mean of ψ on the bigger ball B+(Φtu, ret):
∀u ∈ T 1M˜, ∀r > 0, ∀t ∈ R, M tr,u(ψ) = Mret,Φtu(ψ). (3)
Reall also that, from a general result in [4℄, we have:
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Theorem 7 (Babillot, [4℄) Assume that Γ is oompat or onvex-oompat,
and the geodesi ow is topologially mixing on its nonwandering set Ω. For all
u ∈ Λ2×R, for all r > 0, the mean M tr,u onverges weakly to m
f
when t→ +∞.
This result is a onsequene of the mixing of the measure mf , whih is estab-
lished when the geodesi ow is topologially mixing.
Notie that, after xing a positive and ontinuous map ψ : T 1M → R, we will
often onsider these means M tr,u(ψ) as funtions of the variable u ∈ Λ
2×R. By
Γ-invariane, we onsider them either as funtions on Ω or Λ2 ×R.
3.1 Averaging on horospherial balls
In this rst setion, we shall study the map
(u, r) 7→
∫
B+(u,r)
ψ dµ¯fH+ .
It is not ontinuous, but we shall prove that it has a regularity property. The
main result is Lemma 3.3. This paragraph is inspired from the sequene of
"tehnial lemmas" of Roblin, [26℄, paragraph 1H.
If u ∈ T 1M˜ and v ∈ H−(u), let us introdue the map Pu,v : H+(u) → H+(v)
(see Figure 4 below), whih sends w = (u−, w+, s(u)) ∈ H+(u) to the in-
tersetion w′ of the geodesi (v−, w+) with H+(v). In other words, w′ =
(v−, w+, s(v)) ∈ H+(v) (when it makes sense, i.e. when w+ 6= u−, v−).
v−
w
+
u
−
u
+ = v+
H+(v)
v
w′
u
w
H
+(u)
Figure 4: The map Pu,v : w→ w′
In the following, we prove some lemmas whih express mainly three important
properties; rst, these maps Pu,v are uniformly lose to the identity when v
is lose to u (Lemma 3.1). Seond, all these measures µfH+ have a ontinuous
(and positive) Radon-Nikodym derivative with respet to the measure νfo on
∂M˜ , whih allows to ompare the measures µfH+(v) and Pu,v∗µ
f
H+(u): they are
equivalent with ontinuous Radon-Nikodym derivative (Lemma 3.2). Third,
the ow ontrats the stable manifolds. All these properties are proved in some
preliminary lemmas, and olleted in Lemma 3.3, whih will allow to prove
Theorem 2 bis.
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To make the disussion more preise, we have to introdue neighborhoods, or
"ells", in whih we will let v vary: if u ∈ T 1M˜ , and r1, r2, r3 are three positive
numbers, we note
C(u, r1, r2, r3) = ∪|s|<r3Φ
s ∪v1∈B−(u,r1) Pu,v1(B
+(u, r2)).
u
−
B+(u, r2)
B−(u, r1)
u+u
v1
∪|s|<r3Φ
sPu,v1B
+(u, r2)
v
−
1
Figure 5: Cells
If ψ is a positive Borel funtion on T 1M˜ , we set:
ψε(w) = sup{ψ(v), v ∈ ∪|s|<εΦ
sB−(w, ε)}, and
ψ−ε(w) = inf{ψ(v), v ∈ ∪|s|<εΦ
sB−(w, ε)}. Then, if A ⊂ T 1M˜ is a Borel set,
we have [1A]±ε = 1A±ε , and for all ε > 0, and t ≥ 0, [Φ
−tA]ε ⊂ Φ−t(Aε), and
[Φ−tA]−ε ⊃ Φ−t(A−ε). This means simply that if t ≥ 0, the ow Φt ontrats
the stable manifolds, and expands the unstable manifolds.
In the rst lemma, we ompare balls B+(u, r) and B+(v, r) when v ∈ H−(u).
Lemma 3.1 (Roblin, [26℄) Let K ⊂ T 1M˜ be a ompat, and ε > 0. There
exists δ > 0 suh that for all u ∈ K, if v ∈ B−(u, δ) and w ∈ B+(u, 3),
then Pu,vw ∈ ΦsB−(w, ε), with |s| < ε, and if r ∈ [1, 2], B+(v, re−ε) ⊂
Pu,v(B
+(u, r)) ⊂ B+(v, reε).
In other words, the map Pu,v : B
+(u, 3)→ H+(v) restrited to the ball B+(u, 3)
in H+(u), is uniformly losed to the identity of B+(u, 3) (up to exp(±ε)) for
the topology of uniform onvergene on ompat sets.
Proof: The assumptions of the Lemma mean that if δ is small enough, the
4-uple (u−, u+, v−, w+) varies in a ompat set of ∂2M˜ × ∂2M˜ . One easily
heks that the quantity s suh that Pu,vw ∈ ΦsH−(w) is the ross ratio
B(v−, u−, u+, w+) = ”d(v−, u+) + d(u−, w+) − d(v−, w+) − d(u−, u+)” of the
four points. Moreover, the ross ratio is a ontinuous map, [23℄, whih vanishes
if u− = v− (or u+ = w+). Thus if δ is small enough, v− is uniformly losed to
u−, whih gives Pu,vw ∈ Φ
sH−(w). Moreover, an easy omputation shows that
dH+(Pu,vw, v)
dH+(u, v)
= es/2, whih onludes the proof. 
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u+
w′
w+ u v
|s| v−
w
u−
Figure 6: Cross ratio of (u−, v−, u+, w+)
The following lemma is a orollary of the above and of ontinuity of densities of
measures µfH+u on horospheres with respet to the measure ν
f
o on the boundary.
Lemma 3.2 Let K ⊂ T 1M be a ompat, and ε > 0. There exists δ > 0, suh
that for all u ∈ K, and v ∈ B−(u, δ), for all w ∈ B+(u, 3) and w′ = Pu,vw, the
following quantity is uniformly lose to 1 (up to exp(±ε)):
dµfH+v
d(Pu,v ∗ µ
f
H+u)
(w′) = exp
(
βfw+(w,w
′)− ρfv−(o, w
′) + ρfu−(o, w)
)
.
Proof: Reall rst that βfw+(w,w
′)− ρfv−(o, w
′) + ρfu−(o, w) = δ
fβw+(w,w
′)−
ρfw+(w,w
′) − ρfv−(o, w
′) + ρfu−(o, w). We have |βw+(w,w
′)| ≤ ε, after 3.1. We
have also |ρfw+(w,w
′)| ≤ C(f)D(w,w′)α(f), beause f is Hölder, whih gives
the desired upper bound by 3.1. Finally, the last term an be written as
exp(A(Pu,vw) − A(w)), with A(w) = ρ
f
w−(o, w), and the result follows from
the ontinuity of A on T 1M˜ . Indeed, set wt = Φ−tw, y ∈ W su(u) the vetor
of W su(u) tangent to the geodesi (u−, o], and yt = Φ−ty. As f is Hölder, and
the urvature is bounded above by a negative onstant, there exists a T > 0,
uniform on K, suh that if t ≥ T , A(w) is ε-losed to
∫ yt
o f −
∫ wt
w f . But for all
xed t > 0, this quantity is ontinuous, hene uniformly ontinuous in w ∈ K.
So A is ontinuous, and the result follows. 
We eventually arrive at the last lemma, whih summarizes the main properties
of the measure µfH+(u) on balls.
Lemma 3.3 Let ψ be a positive Borel funtion on T 1M˜ , ε > 0 (small), and
K ⊂ T 1M a ompat set. There exists r1, r2, r3 > 0 small enough, so that: for
all u ∈ K, for all v ∈ C(u, r1, r2, r3), r ∈ [1, 2], we have:
e−ε
∫
B+(u,re−ε)
ψ−ε dµ
f
H+(u) ≤
∫
B+(v,r)
ψ dµfH+(v) ≤ e
ε
∫
B+(u,reε)
ψε dµ
f
H+(u).
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Sketh of the proof: The proof follows losely that of Roblin, [26℄, and goes
as follows. Let ε > 0, small enough so that re3ε ≤ 2e3ε ≤ 3. Fix u ∈ K,
and v ∈ C(u, r1, r2, r3). By denition of ells, we an write v = Φsv2, with
|s| < r3, v2 ∈ Pu,v1B
+(u, r2) ⊂ H+(v1) and v1 ∈ B−(u, r1). First, we push the
ball B+(v, r) by Φ−s to the ball B+(v2, re
−s), with s very small. By relations
(2) and (3), the integrals of ψ on these balls are almost the same. Seond, we
move the ball B+(v2, re
−s) by the map P−1u,v1 . Lemma 3.1 says that the image is
uniformly lose to the ball B+(u, re−ε) and Lemma 3.2 says that the derivative
of the measure µfH+ is uniformly lose to 1. Third, the image of ψ by these
operations is lose to ψ−ε. The right inequality is proved in the same way. 
3.2 An autoadjontion property
It is obvious that for a ow (Φt)t∈R on a ompat spae X , the equality∫
X
1
T
∫ T
0
ψ ◦ Φt dtdν =
∫
X
ψ dν
for all T > 0 and any Φ-invariant measure ν allows to prove unique ergodiity
if we know that all Birkho averages onverge to a onstant.
In our situation, the following equality allows to do the same trik, replaing
Birkho averages by horospherial means: we will use it to prove unique ergo-
diity, using a weaker property than equidistribution of horospherial means.
Lemma 3.4 Let ν̂ be any xed quasi-invariant measure on H with the oyle
cfo , and M the measure on ∂
2M˜ ×R dened by dM(v) = dν̂(H+) dµfH+(v). If
ψ a Γ-invariant positive measurable map on T 1M˜ , and D a measurable funda-
mental domain for the ation of Γ on T 1M˜ , then:
∫
D
dM(u)Mr,u(ψ) =
∫
D
dM(v)ψ(v)
∫
B+(v,r)
dµfH+(v)(u)
µfH+(v)(B
+(u, r))
.
Before we proeed to the proof, let us make a remark: if we knew that uniform
equidistribution of horospherial means when r → ∞ holds, then, as in the
ase of a ow, the above formula would allow to dedue the unique ergodiity
result from the equidistribution property. In fat, we will use this approah in
a partiular ase in setion 3.4.
Proof: By denition, dM = dν̂ dµfH+ , and the left term an be rewritten:∫
H
dν̂(H+(u))
∫
H+(u)×H+(u)
dµfH+(u) dµ
f
H+(v)
1D(u)1B+(u,r)(v)ψ(v)
µfH+(u)(B
+(u, r))
.
The proof is then based on the fat that ψ is Γ-invariant, µfH+ and ν̂ are Γ-
quasi-invariant (resp. with oyles −cfo and +c
f
o) and on two observations: rst
16
1B+(u,r)(v) is symmetri in u and v; seond, B
+(u, r) = ⊔γ∈ΓB+(u, r) ∩ γD.
If we set v = γv′ and u = γu′, we have: 1B+(u,r)(v) =
∑
γ∈Γ 1B+(u′,r)(v
′)1D(v
′).
If we deompose the above integral into a sum over γ ∈ Γ, we nd that it equals:
∑
γ∈Γ
∫
H
dν̂(γH+(u′))
∫
γH+(u′)×γH+(u′)
dµfγH+(u′)(γu
′) dµfγH+(u′)(γv
′) ×
×
1γ−1D(u
′)1B+(u′,r)(v
′)1D(v
′)ψ((γv′)
µfγH+(u′)(γB
+(u′, r))
We then use the various (quasi-)invariane relations by Γ; we remark also that∑
γ 1γ−1D(u
′) = 1, and H+(u) = H+(v), and we get:
∫
H
dν̂(H+(v))
∫
H+(v)×H+(v)
dµfH+(v) dµ
f
H+(u)
1D(v)1B+(v,r)(u)ψ(v)
µfH+(v)(B
+(u, r))
.
This expression is the same than the rst one, with the roles of u and v ex-
hanged. 
3.3 Proof of Theorems 2 and 2 bis
We prove rst Theorem 2 bis.
Proof of Theorem 2 bis: Let [c]H be a ohomology lass of Hölder oyles
for the ation of Γ on H. By assumption, this lass ontains a oyle on ∂M˜ ,
so we an assume that c is this oyle. In [22℄, Ledrappier showed that every
Hölder oyle on ∂M˜ is of the form c = λβF , with F a Hölder potential and
λ ∈ R, whene c = λρδ
F−F = ρλδ
F−λF
. Finally, c an be written c = cfo , with
f a Hölder potential.
Let ν̂ be a nonzero Γ-quasi-invariant measure with the oyle cfo , and M the
measure on ∂2M˜ × R dened by: dM(v) = dν̂(H+(v)) dµfH+(v). Let ψ be a
positive ontinuous map on T 1M , and ψ˜ its lift on T 1M˜ . Lemma 3.4 gives:
∫
D
dM(u)M0r,u(ψ) =
∫
D
dM(v)ψ˜(v)
∫
B+(v,r)
dµfH+(v)(u)
µfH+(v)(B
+(u, r))
.
Sine Ω is a ompat set, we an hoose a relatively ompat fundamental
domain D for the ation of Γ on Λ2 ×R, with M(∂D) = m˜f (∂D) = 0.
We will prove that for all r > 0, the right term is smaller than cst.
∫
ψ dM
(inequality (5)), and that there exists r > 0, suh that the left term is greater
than cst′.
∫
ψ dmf , so that mf ≪ M (inequality (6)). The onstants do not
depend on ψ, so that these two inequalities imply mf ≪M .
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First, sine Γ is oompat or onvex-oompat, the following Vitali property
is satised (see [26℄, Proposition 6.3): there exists a uniform integer N on
C = Λ2 ×R, suh that for all u ∈ C, and all r > 0,
B+(u, r) ∩ C ⊂ ∪Ni=1B
+(ui,
r
2
). (4)
The integral on the ball B+(u, r) is then smaller than the sum of N inte-
grals on balls B+(ui,
r
2 ). Moreover, triangular inequality gives B
+(v, r) ∩ C¯ ⊃
B+(ui,
r
2 ) ∩ C if v ∈ B
+(ui,
r
2 ). Hene µ
f
H+(u)(B
+(v, r)) ≥ µfH+(u)(B
+(ui,
r
2 )),
and nally,
∀r > 0, ∀u ∈ Λ2 ×R,
∫
B+(u,r)
dµfH+(u)(v)
µfH+(u)(B
+(v, r))
≤ N.
We dedue that:
∀r > 0,
∫
D
dM(v)ψ˜(v)
∫
B+(v,r)
dµfH+(v)(u)
µfH+(v)(B
+(u, r))
≤ N
∫
T 1M
ψ dM. (5)
We shall now prove the following inequality:
∃r > 0, ∃C > 0,
∫
D
dM(u)M0r,u(ψ) ≥ C
∫
T 1M
ψ dmf . (6)
Let 0 < ε < log 2 be small enough so that
∫
T 1M
ψ−εdm
f ≥ 12
∫
T 1M
ψ dmf . We
an over D by a nite number of ells C(ui), 1 ≤ i ≤ k, given by Lemma 3.3
for the above ε. If v ∈ C(ui), this Lemma gives for all t ≥ 0,
M t1,v(ψ) ≥ e
−2εM te−ε,ui(ψ−ε)
µ¯fH+(B
+(ui, e
−ε))
µ¯fH+(B
+(ui, eε))
Moreover,M te−ε,ui(ψ−ε)→
∫
T 1M ψ−εdm
f
when t→ +∞ (Theorem 7), whene:
∃T > 0, ∀ui, M
T
e−ε,ui
(ψ−ε) ≥
1
2
∫
T 1M
ψ−εdm
f .
We dedue that for all v ∈ D (with ε < log 2):
MT1,v(ψ) ≥
(
1
16
∫
T 1M
ψ dmf
)
inf
w∈D
µ¯fH+(B
+(w, 12 ))
µ¯fH+(B
+(w, 2))
By Γ-invariane of the means, the above inequality is true for all v ∈ Λ2 ×R.
Now, if u ∈ Λ2×R, we know that MeT ,u(ψ) = M
T
1,ΦTu(ψ) and above inequality
applies with v = ΦTu. At last, we get
M0eT ,u(ψ) dM(u) ≥ c
∫
T 1M
ψdmf , with c =
1
16
inf
w∈D
µ¯fH+(B
+(w, 12 ))
µ¯fH+(B
+(w, 2))
> 0.
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Finally, integrating with respet to M on D leads to (6) with C = M(D)c.
This onstant C does not depend on ψ, whene mf ≪ M . We dedue from
the above that µ̂fo ≪ ν̂. Indeed, let A ⊂ H be a Borel set, and assume that
ν̂(A) = 0. Let 0 < c < C be two onstants. If A is small enough, we an hoose
for all H ∈ A a distinguished vetor v ∈ H , and a ray r hosen suh that for all
H ∈ A, 0 < c ≤ µfH+(B
+(v, r) ≤ C. Then∫
A
dν̂(H)
∫
H
1B+(v,r) ≤ Cν̂(A) = 0, whene
0 ≤ cµ̂fo (A) ≤
∫
A
dµ̂fo (H)
∫
H
1B+(v,r) dµ
f
H+v = 0.
If A is not small enough, we an write it as a ountable union of smaller sets.
So we proved µ̂fo ≪ ν̂.
Let us now prove that µ̂fo is ergodi: let A ⊂ H be a Borel set suh that for all
γ ∈ Γ, µ̂fo (γA△A) = 0, and µ̂
f
o (A) > 0. Then the measure µ̂
f
o|A is nonzero and
quasi-invariant with oyle −cfo . By what preedes, it satises µ̂
f
o ≪ µ̂
f
o|A, and
this implies µ̂fo (A
c) = 0. So we have ergodiity.
Now let ν̂ be a nonzero and quasi-invariant measure with oyle cfo and let us
show that it is also ergodi: if A is a Borel set in H, Γ-invariant ν̂-a.e, and if
ν̂(A) > 0, we an deompose the measure ν̂ into ν̂ = ν̂|A + ν̂|Ac . By the above,
there exist measurable maps φ and φ′ suh that µ̂fo = φ ν̂ = φ ν̂|A + φ ν̂|Ac and
µ̂fo = φ
′ ν̂|A. We dedue that µ̂
f
o (A
c) = 0, and then neessarily that ν̂|Ac = 0,
whih means that ν̂ is ergodi.
Moreover, the Radon-Nikodym derivative
dµ̂fo
dν̂ is Γ-invariant ν̂-a.e, hene on-
stant by ergodiity of ν̂. So there exists a unique (up to a multipliative on-
stant) measure whih is Γ-quasi-invariant with oyle cfo .
Reall now that we onsider the ohomology lass on H of the Hölder oyle c
on ∂M˜ . Let c′ ∈ [c]H = [cfo ]H. There exists a positive Borel map ϕ on H, suh
that for all γ ∈ Γ and (ξ, s) ∈ H, c′(γ, (ξ, s)) = cfo (γ, ξ) +ϕ(γ(ξ, s))−ϕ(ξ, s). If
ν̂′ is a Borel Radon measure on H, whih is Γ-quasi-invariant with the oyle
c′ then an easy alulation shows that exp(−ϕ)ν̂′ is quasi-invariant with the
oyle cfo , it is then unique (up to a onstant), and equals µ̂
f
o , so ν̂
′
is also
unique, and equals exp(ϕ)µ̂fo . 
Proof of Theorem 2: It is lear that there exists a bijetion between measures
transverse to the strong unstable foliation on T 1M , whih are quasi-invariant
with the oyle ρf , and measures transverse to the strong unstable foliation on
T 1M˜ , whih are Γ-invariant and quasi-invariant by holonomy with oyle ρf .
Let us onsider the map: MT → NT , whih sends a Γ-invariant transverse
measure, quasi-invariant by holonomy with oyle ρf , to the measure dNT (v) =
exp(ρfv−(o, v)) dMT (v). It is learly a bijetion. An easy omputation shows
that NT is a measure transverse to F˜ whih is holonomy invariant and Γ-quasi-
invariant with oyle cfo . We an assoiate to NT a Γ-quasi invariant measure
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on H (with oyle cfo ), and this orrespondane is 1-1. The existene of a
unique quasi-invariant measure on H with oyle cfo is then equivalent to the
existene of a unique measure transverse to F with the oyle ρf .
Theorem 2 then follows from Theorem 2 bis. 
3.4 Equidistribution of means in a partiular ase
Lemma 3.3 means that the map (u, r) →
∫
B+(u,r) ψ dµ¯
f
H+ is "almost ontinu-
ous". In this setion, we shall see that under an additional assumption, it is
really ontinuous, so that we an prove Theorem 3 diretly, and dedue Theorem
2 bis as a orollary. The assumption is the following:
∀u ∈ Λ2 ×R, µ¯fH+(∂B
+(u, 1)) = 0.
Note that it is true in the onstant urvature ase, and in the ase of a surfae,
sine the Patterson measure has no atoms.
With this assumption, we an prove that the means (M t1,u(ψ))t≥0 are equion-
tinuous in u ∈ Λ2×R. We dedue that the onvergene in Theorem 7 is uniform
in u ∈ Λ2×R, and at last, relation (3) leads diretly to the uniform onvergene
of the means Mr(u) to
∫
T 1M ψ dm
f
when r→∞.
Note that these two arguments of equidistribution of the means when t→ +∞,
and equiontinuity in t ≥ 0 were already used in [12℄ in an algebrai framework.
Under the above assumption, Lemma 3.3 leads to:
Lemma 3.5 If for all u ∈ Λ2×R, µ¯fH+(∂B
+(u, 1)) = 0, then for all u ∈ Λ2×R,
the family (M t1,u(ψ))t≥0 is equiontinuous in t ≥ 0.
Sketh of the proof: Let ε0 > 0, we shall nd for all u ∈ Λ2 × R a
neighbourhood V = V (u, ε0) of u, suh that for all v ∈ V , for all t ≥ 0,
|M t1,v(ψ)−M
t
1,u(ψ)| ≤ ε0.
Sine µfH+(∂B
+(u, 1)) = 0, there exists a 0 < ε ≤ ε0, suh that :∣∣∣∣∣ µ
f
H+(B
+(u, eε))
µfH+(B
+(u, e−ε))
∣∣∣∣∣ ≤ eε0 . (7)
Sine ψ is ontinuous on Ω, one may hoose ε small enough so that ψε ≤ ψ+ε0.
We put then V (u, ε) = C(u, r1, r2, r3): the ell given by Lemma 3.3 for ε. Now,
relation (7) and Lemma 3.3, together with the fat that [ψ ◦ Φt]ε ≤ ψε ◦ Φt
(sine the geodesi ow expands unstable manifolds) allow to prove that for all
v ∈ V (u, ǫ), and for all t > 0, |M t1,v(ψ)−M
t
1,u(ψ)| ≤ ε0. 
With this Lemma, we an now prove the following equidistribution result for
the horospherial means:
Theorem 3 bis: Assume that for all u ∈ T 1M µ¯fH+(∂B
+(u, 1)) = 0, then for
all ontinuous map ψ : T 1M → R, the means Mr,u(ψ) onverge uniformly in
u ∈ Λ2 ×R to
∫
T 1M
ψ dmf .
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Proof: We onsider now the means as funtions on T 1M . By the above Lemma,
for all u ∈ Λ2 ×R, the means (M t1,u)t≥0 are equiontinuous, whene (Theorem
7) it is easy to prove that they onverge uniformly on Ω to
∫
T 1M
ψ dmf when
t→ +∞. Let ε > 0, there exists a T > 0, suh that:
∀ t ≥ T, ∀u ∈ Ω,
∣∣∣∣M tr,u(ψ)−
∫
T 1M
ψ dmf
∣∣∣∣ ≤ ε.
Let now v ∈ Ω be a vetor, and t ≥ T ; as Ω is invariant by the ow, the above
inequality applies for u = Φ−tv and above relation (3) gives the desired result:∣∣∣∣M0ret,v(ψ)−
∫
T 1M
ψ dmf
∣∣∣∣ ≤ ε.

We an now easily dedue Theorem 2 bis from this result:
Sketh of the proof: We use the equality of Lemma 3.4. By the uniform
equidistribution property of means, the left term onverges toM(D)
∫
T 1M ψ dm
f
,
and the right term is smaller than N
∫
T 1M
ψ dM . Then we have diretly
mf ≪M , and we onlude the proof as in the general ase. 
4 Growth of leaves of the horospherial foliation,
equidistribution of horospheres
The aim of this setion is to prove Theorem 3. In fat, using Theorem 2 bis, we
shall prove a more general result of equidistribution of sets on leaves satisfying a
ertain ondition of growth, denoted by (∗) (Theorem 8). We dedue Theorem
3 as a orollary, sine the horospherial balls have a polynomial growth (Lemma
4.2), whene they satisfy (∗) (Lemma 4.1).
This paragraph is inspired by Plante [25℄, and Goodman-Plante [14℄. These two
referenes dene a notion of averaging sets for the foliation, i.e. sequenes of
sets on transversals to the foliation, dened so that they beome equidistribued
to a holonomy invariant measure. The idea here is to introdue an analogous
notion to obtain equidistribution to the holonomy quasi-invariant measure {µfT}.
But it is more appropriate to work with the holonomy invariant measure {µ¯fT}
on transversals to W˜su. The denition of an averaging set in [14℄ involves the
holonomy pseudogroup of the foliation. In our ase, this pseudogroup is trivial
on W˜su. Moreover, the above transverse measure is Γ-quasi-invariant, so we
will introdue a ondition dealing with Γ.
Let us now x a sequene (En)n∈N of ompat sets of a horosphere H
+
. If they
satisfy the ondition (∗) desribed below, then we shall prove (Theorem 8) that
the means on the En w.r.t. the measure µ¯
f
H+ beome equidistribued to m
f
.
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Let D be any proper fundamental domain for the ation of Γ on T 1M˜ , that is an
open set D, suh that D =
◦
D¯, ∪γ∈ΓγD¯ = T 1M˜ , and the (γD)γ∈Γ are pairwise
disjoint. For xed n ∈ N, we distinguish three types of elements γ ∈ Γ:
1- First, the set Γ1n(D) of elements γ suh that En rosses ompletely γD, i.e.
En ∩ γD = H
+(u) ∩ γD;
2- Seond, the set Γ2n(D) of elements γ suh that En rosses partly γD, or again
∅ 6= En ∩ γD  H
+(u) ∩ γD
3- Third, the set Γ3n(D) of elements γ suh that γD ∩En = ∅.
Compaity of the En implies niteness of the sets Γ
1
n(D) and Γ
2
n(D).
Condition (∗) is then the following: there exists a fundamental domain D, suh
that, with the above notations:
lim
n→∞
1
µ¯fH+(En)
∑
γ∈Γ2n(D)
µ¯fH+(En ∩ γD) = 0 (∗)
In other words, we an forget the "boundary terms" Γ2n.D: only the images γD
of D ompletely rossed by En must be taken into aount.
We an now state the following:
Theorem 8 Let (En)n∈N be a sequene of ompat sets on the horosphere
H+(u), with u ∈ Λ2 × R and ∪En = H+(u). If the sequene (En)n∈N sat-
isfy (∗), then the sequene
dMn(w) =
1
µ¯fH+(En)
1En(w) dµ¯
f
H+(w)
onverges weakly to mf when n→ +∞.
We will prove this result at the end of this setion. Let us rst apply it to
sequenes of balls B+(u, r), when r →∞. We shall rst prove that balls satisfy
(∗), and thus get the equidistribution result stated in the introdution (Theorem
3) as an immediate orollary of Theorem 8.
Lemma 4.1 The sequene of balls B+(u, r) satises (∗).
As a straightforward orollary, Theorem 3 is proved by the two above results.
Proof: Let D be any fundamental domain. By ompaity of D¯, we an nd
a onstant r0 > 0, suh that for all v ∈ D, B+(v, r0) ∩ D = H+(v) ∩ D.
Now if ∅ 6= B+(u, r) ∩ γD  H+(u) ∩ γD, then triangular inequality gives
B+(u, r + r0) ∩ γD = H+(u) ∩ γD. Moreover, the same argument gives also
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B+(u, r − r0) ∩ γD = ∅. This proves that B+(u, r) ∩ Γ2rD ⊂ B
+(u, r + r0) \
B+(u, r − r0). By Lemma 4.2, it is easy to prove that
lim
r→+∞
1
µ¯fH+(B
+(u, r))
∑
γ∈Γ2r
µ¯fH+(B
+(u, r) ∩ γD) = 0.

Lemma 4.2 For all xed u ∈ T 1M˜ , µ¯fH+(u)(B
+(u, r)) = O(r2δ
f+4‖f‖∞).
Proof: If we onsider Φt(u) instead of u, we an assume that the origin o is
in the interior of the horoball dened by u− and u, or again βu−(o, u) ≤ 0. As
νfo (∂M˜) = 1, and by denition of the measure µ¯
f
H+(u), we have
µ¯fH+(u)(B
+(u, r)) ≤ sup
v∈B+(u,r)
(
exp(δfβv+(o, v)− ρ
f
v+(o, v)− ρ
f
v−(o, v))
)
.
Let us rst nd an upper bound for the quantity |ρfv+(o, v)+ρ
f
v− (o, v)|. Sine the
urvature of M˜ is negative, we an nd a triangle (a, b, c) suh that a ∈ [o, v+),
b ∈ [o, v−), c ∈ (v−, v+), whih satises: d(o, a) = d(o, b), βv+(a, c) = 0 and
βv−(b, c) = 0, and also d(a, b) ≤ δ, d(a, c) ≤ δ, d(b, c) ≤ δ, with δ a onstant
whih depends only on the upper bound of the setional urvature of M . Now,
as f is Hölder, with exponent α(f), we an easily hek that:
|ρfv+(o, v) + ρ
f
v−(o, v)| ≤ 2‖f‖∞ d(o, a) + C(f, δ).
Moreover, d(o, a) ≃ d(o, c) ≃ d(o, (v−, v]) ≤ d(o, v), as o is in the interior of
the horoball dened by v and v−. For the same reason, and by onvexity of
horoballs, the angle at v between [o, v] and [v, v+) is greater than π/2, whene
d(o, v) ≃ βv+(o, v). We dedue
µ¯fH+(u)(B
+(u, r)) ≤ Cst. sup
B+(u,r)
exp((δf + 2‖f‖∞).βv+(o, v)).
As the Busemann oyle is ontinuous, there exists α > 0, suh that do(u
+, v+) ≤
α implies |βv+(o, v)| ≤ βu+(o, u)+1. Moreover, by denition of dH+ , if do(u
+, v+) ≥
α, we have the following bound:
exp(
1
2
βv+(o, v)) ≤
1
α
dH+(u, v) exp(−βu+(o, u)/2) ≤ C(u).r,
and at last, if v ∈ B+(u, r), we have:
e(δ
f+2‖f‖∞)βv+ (o,v) ≤ max
(
e(δ
f+2‖f‖∞).(βu+(o,u)+1), C(u).r2δ
f+4‖f‖∞
)
.
All these inequalities give the desired omparison (if u is xed). 
Let us now prove Theorem 8:
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Proof of Theorem 8: It is enough to show onvergene of means for small
Borel sets B ⊂ D ⊂ T 1M whih an be written on the form B = T × b in a
hart of the foliation, with T a transversal to Wsu, and b a piee of leaf. Lift
suh a Borel set B into B˜0 = T˜0× b˜0 ⊂ D, and set B˜ = ∪γ∈ΓγB˜0. We an write
again the means on the following form:
Mn(B) =
1
µ¯fH+(En)
∑
γ∈Γ
∫
H+(u)
1En∩γB˜0
(v) dµ¯fH+ (v)
=
∫
T˜0
1
µ¯fH+(En)
∑
γ∈Γ
eρ
f
v−
(o,γ−1o)
1T˜0∩γ−1En 6=∅
(v)µ¯fH+(H
+(v) ∩ B˜0)
+ R(n, T˜0),
=
∫
T˜0
dνn
T˜0
(v)
∫
H+(v)
1B˜0
(w) dµ¯fH+ (w) + R(n, T˜0) with
dνn
T˜0
(w) =
1
µ¯fH+(En)
∑
γ∈Γ
exp(ρfv−(o, γ
−1o))1T˜0∩γ−1En 6=∅(w),
and the rest R(n, T˜0) orresponds to the γ ∈ Γ suh that En rosses only partly
the box γB˜0; so it is bounded by:
R(n, T˜0) ≤
1
µ¯fH+(En)
∑
γ∈Γ2n
µ¯fH+(En ∩ γD).
The sequene (Mn) of probabilities is dened on the ompat set Ω, so it has
limit points for the weak topology, and after the above omputation, for any
xed transversal T , these limit points are in orrespondane 1− 1 with those of
the sequene (νnT ).
Let M be a limit point of measures Mn; if we onsider a subsequene, we an
assume that the Mn onverge to M , and the measures ν
n
T also onverge to a
measure νT . This family of measures is invariant by holonomy; indeed, if we
onsider two small transversals T and T ′ to the foliation, suh that B = T ×b =
T ′ × b in a hart of the foliation, then
M(B) = lim
n→∞
∫
T
dνnT (v)
∫
H+(v)
1B˜0
(w)dµ¯fH+ (w)
= lim
n→∞
∫
T ′
dνnT ′(v)
∫
H+(v)
1B˜0
(w)dµ¯fH+ (w),
whih gives invariane by holonomy of the limit measures. This family of mea-
sures is Γ-quasi-invariant; indeed, if g ∈ Γ, it is easy to ompute that:
dνngT (gv) =
1
µ¯fH+(En)
∑
γ∈Γ
exp(ρfgv− (o, γ
−1o))1gT∩γ−1En(gv)
= exp(ρfv−(g
−1o, o)) dνnT (v) = exp(c
f
o (g, v
−)) dνnT (v).
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At last, we proved that a limit point M of Mn indues a transverse measure
invariant by holonomy and quasi-invariant by Γ with oyle cfo , whene (The-
orem 2) it equals the transverse measure (µ¯fT )T indued by m
f
; this shows that
the sequene Mn beomes equidistributed to m
f
. 
5 Appliation to overings
5.1 Nonsymmetri potential
If f is not symmetri, we set fˇ(v) = f(−v), and we look again at the produt
measure νfo × ν
fˇ
o on ∂
2M˜ . We are still in the ase when δf < +∞, and we have
δf = δfˇ (see [9℄). The equilibrium state mf is still onstruted by means of this
produt, but the density is slightly dierent [9℄:
dm˜f (v−, v+, s) = ds dνfo (v
+) dν fˇo (v
−) exp
(
βfv+(o, v) + β
fˇ
v−(o, v)
)
.
The measures of paragraph 2.2 an then be written:
dµ̂fo (ξ, s) = ds dν
fˇ
o (v
−) exp(−δfs), and
dµfH+u(v) = dν
f
o (v
+) exp(βfv+(o, v)− ρ
fˇ
v−(o, v)).
And the relations of Γ-quasi-invariane beome:
d(γ−1∗ µ̂
f
o )
dµ̂fo
(ξ, s) = exp(cfˇo (γ, ξ)), and
d(γ−1∗ µ
f
H+(γv))
dµ̂fH+v
(v) = exp(−ρfˇv−(γ
−1o, o))
All proofs apply in the same way, sine they are based on the Hölder ontinuity
of f and geometry of M , whene Theorems 2 and 2 bis are still true.
5.2 Proof of Theorem 4
The above paragraph applies in partiular to the ase of a losed 1-form α on
M . Indeed, a 1-form on M is a smooth map from M into T ∗M whih to eah
x ∈ M assoiates a linear form αx on TxM . In partiular, it is a map from
TM into R, that we an restrit to T 1M . For all x ∈ M , linearity of αx
gives antisymmetry of α: α(−v) = −α(v). Moreover, as α is losed, we have
ραˇξ (x, y) =
∫ y
x
αˇ = −ραξ (x, y), whene (f [3℄):
dm˜α(v−, v+, s) = ds dναo (v
+) dναˇo (v
−) exp (δαβv−(o, v) + δ
αβv+(o, v)) .
The measure µ̂αo an be written: dµ̂
α
o (u
−, s) = ds dναˇo (v
−) exp(−δαs).Moreover,
sine α is losed, we have cαˇo (γ, ξ) = ρ
αˇ
ξ (γ
−1o, o) = −
∫ γo
o
α, whene:
d(γ−1∗ µ̂
α
o )
dµ̂αo
(ξ, s) = exp(−
∫ γo
o
α). (8)
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Remark that γ−1∗ µ̂
α
o is a multiple of µ̂
α
o and does not depend on o: the oyle
does not depend on ξ and o, but only on γ, and the measure ναo on ∂M˜ is in-
dependent on o too. So we will omit the subsript o for these measures µ̂α et να.
Let us reall some notions: the rst singular homology group H1(M,Z) over
Z an be identied to the abelianization Γ/[Γ,Γ] of the fundamental group.
The rst real homology group H1(M,R) is the R-vetor spae generated by
H1(M,Z) exept the torsion elements: H1(M,R) = H1(M,Z) ⊗Z R. The rst
de Rham ohomology group H1dR(M) is the set of losed 1-forms modulo exat
forms. Moreover, the de Rham isomorphism (see [28℄) allows to identify the
dual of H1(M,R) with H
1
dR(M). This identiation is indued by the map:
H1(M,R)×H
1
dR(M) → R
(γ, α) 7→
∫
γ
α .
We denote by
∫
γ
α the integral of any representant of α on any loop of M
belonging to the homology lass of γ. In partiular, it is the integral of α on
the unique losed geodesi in the homotopy lass of γ, and it is also the integral∫ γo
o
α, sine by denition of the ation of Γ on M˜ , the urve [o, γo] projets on
a loop in the lass γ.
Theorem 2 bis allows to determine the measures on H, whih are invariant by
a normal subgroup Γ of Γ, and quasi-invariant by Γ. In other words, if M is a
regular over of M , with fundamental group Γ, we an determine the invariant
measures on the spae of horospheres of M , whih are quasi-invariant by the
group Γ/Γ of the over. If α is a losed 1-form whih vanishes on the image
of Γ in H1(M,R), formula (8) above shows that the measure µ̂
α
indued by
the Gibbs measure mα is in partiular invariant by Γ. Theorem 4 establishes
the onverse statement under the additional assumption: if ν̂ is Γ-invariant,
Γ-ergodi, and quasi-invariant by Γ, then it is neessarily of the form ν̂ = µ̂α,
with α a 1-form on M vanishing on loops of Γ¯.
Proof of Theorem 4: The rst part of the Proposition was proved above.
The group Γ is normal in Γ, so the ation of an element a ∈ A = Γ/Γ on ν̂
makes sense: indeed, we an write a = γaΓ = Γγa, and Γ-invariane of ν̂ shows
that if γa ∈ Γ, the measure γ−1a ∗ν̂ only depends on a ∈ A. It shows also that
for all a ∈ A, the measure a−1∗ ν̂ is also Γ-invariant. The derivative
da−1∗ ν̂
dν̂ is
then a Γ-invariant map ν̂-a.e, and by ergodiity of ν̂, it is onstant. So for all
a ∈ A, there exists a onstant λ(a) > 0, suh that a−1∗ ν̂ = λ(a)ν̂. The map
λ is learly a morphism of groups from A into R∗+, and when omposed with
the quotient morphism Γ → A, it denes a homomorphism, still denoted by λ,
from Γ to R∗+. Moreover, as R
∗
+ is abelian, λ indues a morphism dened on
the abelianization Γ/[Γ,Γ] = H1(M,Z). We an then extend it by R-linearity
into the exponential of a linear form on H1(M,R). The de Rham isomorphism
between H1(M,R) andH
1
dR(M) allows to see logλ as an element of H
1
dR(M); so
let −α be a losed 1-form in its lass; for all loop c(γ) in the homology lass of γ,
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λ(γ) = exp(−
∫
c(γ)
α). In partiular, λ(γ) = exp(−
∫
pi[o,γo]
α) = exp(−
∫ γo
o
α).
Moreover, a losed 1-form α is in partiular a Hölder map on the unit tangent
bundle T 1M , hene we have: for all γ ∈ Γ, γ−1∗ ν̂ = exp(−
∫ γo
o
α) ν̂. Then
Theorem 2 bis applies, and ν̂ is neessarily equal to µ̂α. 
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